In this paper, we introduce two discrete curvature flows, which are called α-flows on two and three dimensional triangulated manifolds. For triangulated surface M , we introduce a new normalization of combinatorial Ricci flow (first introduced by Bennett Chow and Feng Luo [3] ), aiming at evolving α order discrete Gauss curvature to a constant. When αχ(M ) ≤ 0, we prove that the convergence of the flow is equivalent to the existence of constant α-curvature metric. We further get a necessary and sufficient combinatorial-topological-metric condition, which is a generalization of Thurston's combinatorial-topological condition, for the existence of constant α-curvature metric. For triangulated 3-manifolds, we generalize the combinatorial Yamabe functional and combinatorial Yamabe problem introduced by the authors in [7, 9] to α-order. We also study the α-order flow carefully, aiming at evolving α order combinatorial scalar curvature, which is a generalization of Cooper and Rivin's combinatorial scalar curvature, to a constant.
Introduction
Calculations in local coordinate charts are indispensable for the study of smooth manifolds. However, an entirely different way came from Regge [17] . The basic procedure is to triangulate a manifold to simplexes, and finally obtain the geometrical and topological information of the manifold by studying the geometry in a simplicial complex and the combinatorial structure in the triangulation. On triangulated manifolds, the most general discrete metric seems to be piecewise linear metric which is defined on all edges. Discrete curvatures are determined by discrete metrics. Roughly speaking, discrete metrics are edge lengthes while discrete curvatures are angles between sub-simplexes and their combinatorics. Besides the general piecewise linear metrics, there are discrete metrics defined on all vertices. This type of metrics may be considered as a discrete conformal class. In his work on constructing hyperbolic metrics on 3-manifolds, Thurston [19] introduced circle packing metric on a triangulated surface with prescribed intersection angles. For triangulated 3-manifolds, Cooper and Rivin introduced a sphere packing metric. We shall study circle (sphere) packing metrics and the corresponding discrete curvatures in the following.
Suppose M is a closed surface with triangulation T = {V, E, F }, where V, E, F represent the sets of vertices, edges and faces respectively. Φ : E → [0, π 2 ] is a function evaluating each edge i ∼ j a weight Φ ij . The triple (M, T , Φ) will be referred as a weighted triangulation of M in the following. All the vertices are supposed to be ordered one by one, marked by 1, · · · , N , where N = |V | is the number of vertices. Throughout this paper, all functions f : V → R will be regarded as column vectors in R N and f i is the value of f at i. And we use C(V ) to denote the sets of functions defined in this way.
Each map r : V → (0, +∞) is called a circle packing metric. Given (M, T , Φ), we can attach each edge {ij} a length l ij = r 2 i + r 2 j + 2r i r j cos Φ ij . It is proved [19] that the lengths {l ij , l jk , l ik } satisfies the triangle inequality for each face {ijk} ∈ F , which ensures that the face {ijk} could be realized as a Euclidean triangle with lengths {l ij , l jk , l ik }. Suppose θ jk i is the inner angle of triangle {ijk} at the vertex i, the classical discrete Gauss curvature at the vertex i is defined as
where the sum is taken over all the triangles with i as one of its vertices. Then
which may be considered as a discrete version of Gauss-Bonnet formula. Denote K av = 2πχ(M )/N . Notice that constant K-curvature metric, i.e. a metric r with K i = K av for all i ∈ V , does not always exist. In fact, for any proper subset I ⊂ V , let F I be the subcomplex whose vertices are in I and let Lk(I) be the set of pairs (e, v) of an edge e and a vertex v such the following three conditioins: (1) the end points of e are not in I; (2) v is in I; (3) e and v form a triangle. Thurston [19] proved that the existence of constant K-curvature metric is equivalent the following combinatorial-topological conditions Moreover, the constant K-curvature metric is unique, if exists, up to the scaling of r. Chow and Luo [3] first established an intrinsic connection between Thurston's circle packing and surface Ricci flow. They introduced a combinatorial Ricci flow
and its normalization
Then they proved that flow (1.4) converges iff. the constant K-curvature metric exists, iff. Thurston's combinatorial and topological conditions (1.2) are satisfied. Inspired by Chow and Luo's work, the first author introduced a combinatorial Calabi flow
in [5] and proved similar results. The authors also studied the corresponding problem in hyperbolic background geometry using combinatorial Calabi flow [6] . The paper is organized as follows. In Section 2, we introduce the αth order Yamabe flow for surfaces and use it to study the corresponding constant and prescribing curvature problem. In Section 3, we study the constant α-curvature problem for triangulated 3-manifolds. And Section 4 is devoted to some useful lemmas used in the paper.
α order combinatorial flow in two dimension
As pointed by the authors in [9] , there are two disadvantages of the classical definition of K i . For one thing, classical discrete Gauss curvature does not perform so perfectly in that it is scaling invariant, i.e. ifr i = λr i for some positive constant λ, thenK i = K i , which is different from the transformation of scalar curvature R λg = λ −1 R g in smooth case. For another, classical discrete Gauss curvature can't be used directly to approximate smooth Gauss curvature since it always tends to zero as the triangulation becomes finer and finer. To amend this flaw, we suggested a new definition of discrete Gauss curvature by dividing an "area element" A i .
We observed that the easiest form of "area element" may be A i = πr α i , where α is any real number. For convenience, we omitted the coefficient π in the following definition.
Definition 2.1. Given a weighted triangulated surface (M, T , Φ) with circle packing metric r : V → (0, +∞), the discrete Gauss curvature of order α ("α-curvature" for short) at the vertex i is defined to be
where K i is the classical discrete Gauss curvature defined as the angle deficit at i by (1.1).
For the classical discrete Gauss curvature K, [19, 15, 3] provide a complete description of the space of admissible K-curvature {K = K(r)|r ∈ R N >0 }, see also Lemma 4.5 in this paper. Similarly, it's interesting to know how to describe the space of admissible α-curvatures. Remark 1. For the special case α = 2, A i = πr 2 i is just the area of the disk packed at i. This case is especially interesting. It was shown [9] that r 2 i is a suitable analogue of smooth Riemannian metric tensor g. Furthermore, the 2-curvature is very similar to the smooth Gauss curvature. On one hand, it has similar scaling law; On the other hand, it can be used to approximate the smooth Gauss curvature.
One may ask if there are circle packing metrics whose corresponding α-curvatures are constants or have prescribing curvatures. Curvature flow method gives an efficient approach to study these questions. The smooth 2-dimensional Yamabe flow, which is the same as Ricci flow, is ∂g/∂t = (r − R)g. It is Chow and Luo's insight to consider r i as an analogue of smooth Riemannian metric tensor g, K i as an analogue of smooth Riemannian curvature K = R/2 and K av as an analogue of smooth average curvature r. Thus the classical combinatorial Ricci flow (1.4) comes into being. Inspired by their work and the idea of taking r 2 i as a suitable analogue of smooth Riemannian metric tensor g and
as an appropriate discrete version of Gaussian curvature K, we [9] defined a combinatorial Ricci flow as
where g i = r 2 i and R av = 2πχ(M )/ r 2 . We further proved that, for surfaces with non-positive Euler characteristic, the flow (2.3) converges iff. there exists a constant 2-curvature metric. For α-curvature, we proved similar results for surface M with αχ(M ) ≤ 0 by introducing a modified flow
where R α,av = 2πχ(M )/ r α α . However, there are no similar results for surface M with αχ(M ) > 0. Even worse, we don't know whether the solution of flow (2.2) exists for all time t ∈ (−∞, +∞). For this reason, we introduce another flow here, the solution of which always exists for all time t ∈ R.
Set u i = ln r i .
Definition 2.2. Given (M, T , Φ) with circle packing metric r, denote s α = 2πχ(M )/ r α α . The αth order combinatorial Ricci (Yamabe) flow ("α-flow" for short) is Proof. It is remarkable that Chow and Luo [3] introduced a functional
which is called discrete Ricci potential, to prove the convergence of their Ricci flow (1.4). With a slight modification, we define the α-order discrete Ricci potential ("α-potential" for short) as
where u 0 ∈ R N is arbitrary selected. The α-potential is well defined since
and hence r i (t) are invariant along the α-flow. Proof. Notice that constant α-curvature metrics are exactly the critical points of ODE system (2.4). If the flow converges, it converges to its critical points. This implies the existence of constant α-curvature metric.
Discrete Laplace operators are closely related to discrete curvature flows. Denote
as the Jacobian matrix of the curvature map. It's very interesting that L : C(V ) → C(V ) with f → Lf can be considered as the prototype of a type of discrete Laplace operator [3, 12, 5, 9] , which comes from the dual structure of circle patterns. Chow and Luo proved that L is positive semi-definite everywhere in
Other properties of L is exhibited in Lemma 4.4. The authors once defined [9] a two dimensional α-order combinatorial Laplacian as
Recall that we have considered each f ∈ C(V ) as a column vector, hence the two dimensional α-Laplacian (2.7) can be written in a matrix form,
It's interesting that we can consider r α i as an analogy of dµ, where dµ is the area element in smooth case. We can define a α order inner product ·, · α on (M, T , Φ) with circle packing metric r by
Denote the first positive eigenvalue of −∆ α as λ 1 (−∆ α ). The following theorem shows that the first positive eigenvalue of α order combinatorial Laplace operator is closely related to the behavior of discrete α-flow.
at all r ∈ R N >0 . Then the α-flow (2.4) converges iff. there exists at least a constant α-curvature metric on (M, T , Φ).
Proof. We give a direct and self-contained proof here. We just need to prove the
Assuming r * is a constant α-curvature metric. Scaling r * to any tr * with t > 0, the corresponding α-curvature is still a constant. Hence we may suppose r * belongs to the hypersurface r i = 1. Denote u * as the u-coordinate of r * , and α-potential as
then it's easy to calculate
Choose an orthonormal matrix P such that
, where e i is the (i + 1)-column of P . Then Λ α e 0 = 0 and 
F (u) = +∞ and u * is the unique zero point of ∇F which is also the unique minimum point of
The fact that ϕ ′ ≤ 0, ϕ ′′ ≥ 0 and ϕ is bounded below implies ϕ ′ (+∞) = 0. Combining u * is the unique zero point of ∇F and {u(t)} ⊂⊂ U , we know u(t) → u * exponentially fast.
If αχ(M ) ≤ 0, we always have
, thus we have Remark 3. When α = 0, above theorem is obtained in [3] .
Next we want to study the combinatorial and topological conditions for the existence of constant α-curvature metric. For any proper subset I ⊂ V , denote
, Theorem 2.34) Given a weighted triangulated surface (M, T , Φ). Consider Thurston's circle packing metric and the α-curvature. When α > 0 and χ(M ) < 0, the existence of constant α-curvature metric is equivalent to
Similar to Thurston's condition (1.2), conditions in Proposition (2.8) also show that the combinatorial structure of the triangulation and the topology of surface, which have no relation with circle packing metrics, contains α-curvature information surprisingly. Using Proposition 2.8, we can derive a combinatorial-topological-metric condition which contains Thurston's condition (1.2) as a special case.
Theorem 2.9. Suppose (M, T , Φ) is a weighted triangulated surface with αχ(M ) ≤ 0. Then there exists a constant α-curvature metric iff. there exists a circle packing metric r * such that for any nonempty proper subset I of vertices V ,
Proof. By Lemma 4.5, for any circle packing metric r and any proper subset I ⊂ V , the classical combinatorial Gauss curvature K satisfies
If there exists a constant α-curvature metric r * , substituting
r * α i , we get (2.12). On the other hand, it's easy to see, • when α > 0 and χ(M ) < 0, (2.12) implies that
. Proposition 2.8 shows that conditions in above three cases all implies the existence of constant α-curvature metrics. For α = 0 case, (2.12) is in fact Thurston's condition (1.2). Thus we finish the proof.
Remark 4. The proof of Proposition 2.8 and hence Theorem 2.9 deeply rely on deriving a discrete maximum principle for the flow (2.3). We want to know if there are more direct proofs without using discrete maximum principle for the flow (2.3).
As to the uniqueness of constant α-curvature metric, we restate Theorem 2.33 [9] here for completeness. When αχ(M ) > 0, such as α = 2 and M is a sphere, Example 2 in [9] shows that the conclusions in Theorem 2.7 are not true. For the tetrahedron triangulation of the sphere, if the initial metric r(0) is close enough to r * = (1, · · · , 1) T , then the solution to flow (2.4) converges to r * when t → −∞. However, the limit behavior of r(t) depends on the selection of initial metric r(0)
(2.14)
Then (1) implies (2) which implies (3).
Proof. For (1) ⇒ (2), using formula (2.13). For (2) ⇒ (3), it's obviously. Definition 2.12. Suppose (M, T , Φ) is a weighted triangulated surface with circle packing metric r, R ∈ C(V ) is a function defined on M . The modified α-flow with respect to R is defined to be
R is called admissible if there is a circle packing metric r with curvature R. The modified α-flow can be used to study prescribing curvature problem. On one hand, if the solution to the modified α-flow (2.15) converges, then R is admissible. On the other hand, we have Theorem 2.13. Suppose (M, T , Φ) is a weighted triangulated surface and R ∈ C(V ) is a function defined on M . If αR i ≤ 0 for all i, but not identically zero, and R is admissible by a metric r. Then r is the unique metric in R N >0 such that it's α-curvature is R. Moreover, the solution to the modified flow (2.15) converges exponentially fast to r.
Proof. The first part is obviously, and R is admissible by metric r(+∞). For the second part, for given function R ∈ C(V ), we can introduce the following modified α-potential
It is easy to check that the modified α-potential F is well-defined. Furthermore, by direct calculation, we have
It is easy to check that, if αR i ≤ 0 for i = 1, · · · , N and not identically zero, Hess u F is positive definite. By Lemma 4.3,
T is an injective map from u ∈ R N to R N . Hence r is the unique zero point of ∇ u F . This fact implies that r is the unique metric in R N >0 such that it's curvature is R. By Lemma 4.2, we know that F is proper and lim 2 ≤ 0 implies that the solution of (2.15) lies in a compact region. The following of the proof is the same as that of Theorem 2.6, so we omit it here.
Remark 5. The second part of Theorem 2.13 implies that αχ(M ) < 0. If αR i = 0 for all i, then the corresponding prescribing curvature problem is already solved in Theorem 2.7. In this case, the metric r is not unique. However, it's unique up to scaling. This is slightly different from Theorem 2.13.
In the following of this section, we consider more general "area element" A i . It's interesting to define the "A-curvature" as R i = K i /A i , where A i > 0 is a function of circle packing metric r ∈ R N >0 . We can consider the following discrete flow 17) which is called "A-flow" for short. This generalized A-flow can be used to evolve a metric to a metric with constant A-curvature, i.e. a metric r satisfying K i = sA i for all i ∈ V , where s =
. It's easy to see the solution to A-flow always exists for all time t ∈ (−∞, +∞). So this flow seems simpler than other flows such asu i = s − R i , which is an A-generalization of flow (2.3). Furthermore, if the solution r(t) to A-flow converges to r(+∞) ∈ R N >0 , then r(+∞) has constant A-curvature. It's very interesting that we can select A i as the real area instead of the area of disk packed at i, hence
is necessary, where Area(M, T , Φ, r) is the total real area of a weighted triangulated surface (M, T , Φ) with a fixed circle packing metric r. Then it's easy to see the following three selections of A i all satisfy (2.18).
Area(△ijk)/3, where the sum is taken over all the triangles with i as one of its vertices.
Example 2. Consider the dual structure determined by Thurston's circle patterns. For any face {ijk} ∈ F , denote C i , C j , C k as the closed disks centered at i, j and k so that their radii are r i , r j and r k . They both intersect with each other. Let L i , L j , L k be the geodesic lines passing through the pairs of the intersection points of
Connect O ijk and O ijl whenever triangles {ijk} and {ijl} share a common edge {ij} ∈ E. Thus we get a dual graph. For more details see [3, 9, 12] . Select A i = Area(D i ), where D i is the dual 2-cell of i. . This fact inspires us to consider the following problem.
Conjecture 1. Fix a smooth Riemannian surface (M, g
). Suppose (M n , T n , Φ n , r n ) is a sequence of weighted triangulation of M with initial circle packing metric r n . M n is different with (M, g) as metric space, although they are topologically equal. For each n, one can evolve A-flow (2.17) and get a solution r n (t), t ∈ [0, +∞). Meanwhile, one can evolve (M, g) by smooth Ricci flow and derive a solution g(t), t ∈ [0, +∞). Assuming the initial Gromov-Hausdorff distance between (M, g) and (M n , T n , Φ n , r n ) tends to zero, then r n (t) → g(t) as n → +∞.
α order combinatorial flow in three dimension
Suppose M is a 3-dimensional compact manifold with a triangulation T = {V, E, F, T }, where the symbols V, E, F, T represent the sets of vertices, edges, faces and tetrahedrons respectively. A sphere packing metric is a map r : V → (0, +∞) such that the length between vertices i and j is l ij = r i + r j for each edge {i, j} ∈ E, and the lengths l ij , l ik , l il , l jk , l jl , l kl determines a Euclidean tetrahedron for each tetrahedron {i, j, k, l} ∈ T . Glickenstein pointed out [10] that a tetrahedron {i, j, k, l} ∈ T generated by four positive radii r i , r j , r k , r l can be realized as a Euclidean tetrahedron if and only if
Thus the space of admissible Euclidean sphere packing metrics is
Cooper and Rivin [4] called the tetrahedrons generated in this way conformal and proved that a tetrahedron is conformal if and only if there exists a unique sphere tangent to all of the edges of the tetrahedron. Moreover, the point of tangency with the edge {i, j} is of distance r i to v i . They further proved that M T is a simply connected open subset of R N >0 , but not convex. For a triangulated 3-manifold (M, T ) with sphere packing metric r, there is also the notion of combinatorial scalar curvature. Cooper and Rivin [4] defined combinatorial scalar curvature K i at a vertex i as angle deficit of solid angles
where α ijkl is the solid angle at the vertex i of the Euclidean tetrahedron {i, j, k, l} ∈ T and the sum is taken over all tetrahedrons with i as one of its vertices. For this curvature, Glickenstein [10] first defined a combinatorial Yamabe flow
and give some very interesting and inspiring results. Similar to the two dimensional case, Cooper and Rivin's definition of combinatorial scalar curvature K i is scaling invariant, which is not so satisfactory. The authors [9] once defined a new combinatorial scalar curvatures as R i = K i /r 2 i on 3-dimensional triangulated manifold (M, T ) with sphere packing metric r. Consider r 2 i as the analogue of the smooth Riemannian metric. If r 2 i = cr 2 i for some positive constant c, we have R i = c −1 R i . This is similar to the transformation of scalar curvature in smooth case under scaling. For this type of combinatorial scalar curvature, the authors defined a combinatorial Yamabe functional
and proposed to study the corresponding constant curvature problem which is called combinatorial Yamabe problem. For this, the authors defined a new discrete Yamabe flow
with normalization
where
is the average of the combinatorial scalar curvature.
Constant R-curvature metric means that R i ≡constant, which implies K = R av r 2 . The authors [7] once defined the so called discrete quasi-Einstein metric satisfying K = λr, which is similar to constant R-curvature metric. Motivated by these phenomena, we can generalize these properties to α order combinatorial scalar curvature ("α-curvature" for short).
Definition 3.1. For a triangulated 3-manifold (M, T ) with sphere packing metric r, the α-curvature at the vertex i is defined as
for any α ∈ R, where K i is given by (3.2).
The study of smooth Einstein-Hilbert functional has a long history. For piecewise linear metric case, Regge [17] first give a discretization of this functional. For sphere packing metric case, the Einstein-Hilbert-Regge functional S = N i=1 K i r i was introduced by Cooper and Rivin in [4] . Definition 3.2. Suppose (M, T ) is a triangulated 3-manifold with a fixed triangulation T . For any α ∈ R, α = −1, the α order combinatorial Yamabe functional ("α-functional" for short) is defined as
The α order combinatorial Yamabe invariant with respect to T is defined as
while the α order combinatorial Yamabe constant of M is defined as
at a metric r * if and only if r * is a constant α-curvature metric with s * α ≤ 0. As noted in [9] , the admissible sphere packing metric space M T for a given triangulated manifold (M, T ) may be considered as the combinatorial conformal class for (M, T ), which is an analogue of the conformal class [g 0 ] of a Riemannian manifold (M, g 0 ). Denote s α = S/ r α+1 α+1 . Then we have
Hence r is a constant α-curvature metric iff. it is a critical point of α-functional Q α (r). We raise the following discrete α-Yamabe problem on 3-dimensional triangulated manifold.
The Combinatorial α-Yamabe Problem. Given a 3-dimensional manifold M with triangulation T , find a sphere packing metric with constant combinatorial α-curvature in the combinatorial conformal class M T .
It's easy to see, if r is a constant α-metric with K = λr α , then λ = s α = S/ r α+1 α+1 . To study the combinatorial α-Yamabe problem, we introduce 3-dimensional α-Yamabe flow. Definition 3.3. Given a triangulated 3-manifold (M, T ) with sphere packing metric r. For any α ∈ R, the α order combinatorial Yamabe flow ("α-flow" for short) is
Remark 6. The flowṙ = λr − K (λ = s 1 ) introduced by the authors in [7] is in fact the α-flow defined above with α = 1. Hence α-flow (3.10) may be considered as a different normalization of the flowṙ = λr − K.
Along the 3-dimensional α-flow, r(t) 2 2 = r 2 i (t) is invariant. Hence we always assume r(0) ∈ S N −1 in the following. It's easy to see that, if the solution of (3.10) converges to a metric r(∞), then r(∞) is a metric with constant α-curvature. It's interesting that almost all 3-dimensional results in [7, 9] are still true for α-flow (3.10). We just state some of them here. Definition 3.5. Given a triangulated 3-manifold (M, T ). For any α ∈ R, the α order combinatorial Laplacian ("α-Laplacian" for short) ∆ α :
This definition of α-Laplacian is a generalization of α = 2 case, which was carefully studied by the authors in [9] . Similar to the two dimensional α-Laplacian, the three dimensional α-Laplacian (3.11) can also be written in a matrix form,
with ∆ α f = −Σ −α ΛΣf for each f ∈ C(V ), where Σ = diag r 1 , · · · , r N and
It was proved [4, 18, 10, 11] that Λ is positive semi-definite with rank N − 1 and the kernel of Λ is the linear space spanned by the vector r (see Lemma 4.6) .
Then the α-flow (3.10) can be written asṙ = Γ(r), which is an autonomy ODE system. Differentiate Γ, we get
.
If r * ∈ M T is a sphere packing metric with constant α-curvature, then
(3.14)
Proposition 3.6. Given (M 3 , T ), suppose r * is a constant α-curvature metric. If the first positive eigenvalue of −∆ α at r * satisfies
then −DΓ| r * is positive semi-definite with rank N − 1 and kernel {tr * |t ∈ R}.
which implies that 
Hence the conclusion is derived.
Theorem 3.7. The constant α-curvature metrics satisfying λ 1 (−∆ α ) > αs α are isolated in M T ∩ S N −1 . Specifically, the constant α-curvature metrics with αs α ≤ 0 are isolated.
Proof. Consider the map Γ : M T → R N , r → Γ(r). It is easy to see that the zero point of Γ corresponds to the metric with constant α-curvature. By (3.14) and Proposition 3.6, if the conditions in this theorem are satisfied, then DΓ| r * , the Jacobian of Γ at the constant α-curvature metric r * , is negative semi-definite with rank N − 1 and kernel {tr * |t ∈ R}. Notice that the kernel is the normal of S N −1 . Restricted to S N −1 , DΓ is negative definite and then nondegenerate, which implies the conclusions. Proposition 3.6 shows that constant α-curvature metric r * with λ 1 (−∆ * α ) > αs * α is a asymptotically stable point of the α-flow. Hence we have 
Some useful lemmas
For reader's convenience, we list some lemmas in this section which are used in the proof of our main results. Some of them are proved in detail while some of them we just give related references.
Lemma 4.1. Given a function F ∈ C 2 (R N ). Assuming Hess(F ) ≥ 0, rank(Hess(F )) = N − 1, ∇F has at least one zero point and F (u + t(1, · · · , 1) T ) = F (u) for any u ∈ R N and t ∈ R. Denote U = {u ∈ R N | i u i = 0}. Then the Hessian of F U (considered as a function of N − 1 variables) is positive definite.
Proof. Chow and Luo [3] stated similar results for α-potential F with α = 0. Since this lemma is very important, we give a direct and rigorous proof here for completeness. For N > 1, for any ω ∈ S N −1 , we consider the ray {tω} 0<t<∞ ⊂ R N . Let f ω (t) = F (tω), then f ′ ω (0) = 0 and f ′′ ω (t) = Hess F (ω, ω) > 0, then as in the dimension N = 1 case, there exists constant a ω = f ′ ω (1) = ∇F (ω) · ω > 0 and such that F (tω) = f ω (t) ≥ a ω t − a ω + F (ω), for t > 1.
By the arguments above, we have proved ω ·∇F (ω) > 0 for any ω ∈ S N −1 , by compactness of S N −1 and F is C 2 , A := inf 
